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Frame of a Closed Subspace of L*(R) @ L*(R)
Generated by Translation of a Function

Bijumon Ramalayathil

Abstract— The concept of MRA in wavelet analaysis, MRA wavelets in the superspace L*() @ L%(0J) and Frame MRAin L%(0)) are

now well known. In this paper we discuss frame MRA in L*(0) @ L%(0)

generated by translation of a function.

and frame of a closed subspace of L*(0) @ L*(0)

Index Terms— Wavelet, MRA wavelets, Bessel map, Frames in Hilbert Space, Frame MRA, Frame of a Closed Subspace of the

Superspace.

1 INTRODUCTION

N what follows L*(]) denotes the Hilbert space of square

integrable functions defined on [J . The superspace L*(1)

® L’(0) is the Hilbert space under the inner product de-
fined by

<( fl’ fz)v (gll gz)>|_2(J)®|_2(J) :<f1’ gl>|_2(J) +<f2792>|_2(L)

The applications of wavelet theory and frame theory to sig-
nal processing and image processing are now well known.
Probably the main reason for the success of the wavelet theory
was the introudction of the concept of multiresolution analysis
(MRA) [1] which provides the right frame work to construct
orthogonal wavelt bases with good localization properties. It
was shown in [2] that wavelets in the superspaces cannot be
constructed through MRA in the usual sense. However, by
modifying the usual dilation and translation operators, MRA
wavelets in the superspace L*(0)@®L*(J) have been con-
structed in [3]. Proceeding in the same line, we describe frame
of a closed subspace of L*({])® L?(J ) generated by translation
of a function and define Frame MRA in the superspace.

2 DEFINITIONS

The Fourier transform on ()@ L*(0) ) is defined by
(fl' fz)A =( ﬁ! fz):

where

vyeld, f@) =%f f)edt =12

Taking w=exp(-27i/3), C= {zl =0, 2,= a)z} is a cycle [4];

i.e., a periodic orbit for the map z+> z* on the unit circle T.
The translation operator T. and dilation operator U. on

L*(0)® L (J) are given by
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T, (f,® f,) = oTf, ®0°TH,, )
U, (f, @ f,) =Uf, ®Uf, ()
where T and U are the translation and dilation operators
on L*(J) defined by:
TF(x) = f(x=1)and (Uf)(x)=~/2f (2x).
With e, (t) =e", for fel?(U) we have

Thf =g, f

and Uf =U *f.

A countable collection X ={x @ x:ielJ} is a frame for
L2([0)@® L?(0) if there exist constants A, B >0 such that

N2
A" fef, iz( )L2(1) < ;‘:K [ @fh x® Xi>|I2(ﬂ)

2
L2@)yeL2@)!?

<B|f,@f,

forevery f,®f,e L>(0)®L*()). If A=B, the frame is a tight
frame.

Let X ={x ®x/:ieJ} be a countable system in the sepa-

rable Hilbert space L*(1)@® L*(11). If the map

cPyer’Q)-1*Q)

fLef,{(Lef, xex)iel}

is well defined in the sense that it takes ‘(q}ues in 1°(0), then
L is the Bessel map associated with X. Whenever the Bessel
map L exists, £ is bounded by the uniform boundedness
principle [5]. The adjoint of L is given by

L:IPO)-1rO)e?*n)

cH Y. Cx®X.

3 RESULTS

The following result is a special case of the proposition in [6].
Proposition 1.

Let X ={x®x:iel}cl?*()®L*{) be a countable system
with a well-defined Bessel map r:L*(0)®L* () —1°().
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Assume span{x ®x:iell}=L2(1)® L)
fef,e PO)®L*(0),

Alf,@f,

Then for every

2

e s;]( Lef, x X[,

<B|f,@f,

2
C)el?(o)
1

if and only if for every ce ( N (L*))
ol

ie, X isaframeifandonlyif £ isbounded and invertible.
Proposition 2.
Let X ={T¢4®¢,:kel}c’(0)@L°(J) and define
~ 2 ~ 2
()= Y |h(r+27k)  and @)=Y | (r+27K)] -
kel

kel
Assume that the Bessel map £ associated with X exists. If
®,<A and ®@,<B ae, then |c|<(A+B)"%

|]|<C** implies @, <C and ®,<C a.e.

2
Alell, <

e () < B"C"IZZ(L)'

Conversely,

Proof Let cbe a finitely generated sequence. Then

cof -feof

2

S o4,

kell

:J' D e,

Tlkel

2
d>1+.|'

T

2
D,.

D cw™e,

kell

Note that Y c,o"e, is the Fourier transform of the sequence
kel

(c@*)el’() and Z:Cka)Zkek is the Fourier transform of the
kell

sequence (c,»™)el’(]). Hence, by the Parseval-Plancherel
theorem for T [7], we have

2
_ k
20) _I‘zckw €
Tlkel

2
||cka>"

and
2

"Ckak

2 2k
o) ﬂ;ckw €y
and both equal to |(c,)|[> 0
Thus, if ®, <A and ©,<B a.e.onT, then

||L*|| <A+B.
Since ||£]| =] L], it follows that || < (A+B)".
For the converse, consider for &>0the set

I=[®,>C+2]u[®,>C+4].
I['cT, there exists a sequence {p,}of trigonometric polyno-

Now, for any measurable set

2

mials with ||p,||- -

<|T| such that {p }converges to z (the

characteristic function of the set I" ) except on a set of arbitrari-
ly small measure. Thus, if the measure |F| of T was strictly

greater than 0, there would be a finitely supported sequence c

with ||c|||22 o < |F| such that

£@)| 2[rjc+9).

Hence
[ =c.
Theorem 3.
Let X :{Tck¢1@¢2:keD}cL2(D)® L2(0) and assume

()=,

kel

hr+2nk)]  and @)= ;|¢32(y 2k e L(T).
Then X has a well defined Bessel map L. Further, taking

A =inf{a:[[®, <a]n[®, > 0] >0},

A, =inf{a:|[®, <a]n[®, > 0] >0},

esssup®, = B, <o,
and

esssupd, =B, <o,
X s a frame for V,=span{T¢ ®¢,:kel} c (1)@ L*(0)
with lower frame bound greater than or equal to A +A, >0
and upper frame bound less than or equal to B, + B, <. [This
frame is the frame generated by ¢, @ ¢,. ]

Proof
®, and @, are essentially bounded implies that there are

C,>0 and C,>0 such that |®,(x)|<C,and |®,(x)|<C, ae.
Taking

C

5" max{C,, C,}
we obtain

D, SE and @, SE a.e.
2 2

Hence by Proposition 2,

| <c2.
Hence £ takes values in 1?(0) and hence £ is well defined.
By the definition of V,, {Tck¢1 D¢,k eu} is complete in V,.
For cel*(0)

2
D,.

cEf=] @+

T

> ce, > ca™e,

kel kel

Now for the values A, A,, B,, B, chosen above,
A+ Aell ., <[£ O] <@+ Bl -

Consequently, X is a frame with lower frame bound greater
than or equal to A +A, and upper frame bound less than or

equal to B, +B,.
Corollary 4. For X,V,, A, A, B, and B, as in Theorem 3, if
A +A =B +B,, then X is a tight frame for V, with bound
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A+hA,.
Proposition 5. Suppose {Tck¢1 ®¢, kel } cl’@)el’(@) isa
frame for its closed span V,. Then

f,®f,eV,= f,=Fg and f,=F,4,
for some F,, F, e L*(T) dependingon f, @ f,e*(1)®L*().
Conversely, if f,=Fg and f,=F,4, with F=(ce") and
F, = (c.»”) for some sequence (¢, )el?(]), then f @& f, eV,.
Proof
Since {Tck(/ﬁ1 D¢, kel } is a frame for its closed span V,,
f,® f, eV, implies

fL®f,=)cTig @4,

kel
for some sequence ¢ =(c,)el’(J).
Fourier transform of this equation gives
fi=F¢, and f,=F,

where F =)co'e and F,=) co™e,.
ke kel

The fact that F,

and F, e L’(T) follows from Parseval's theorem [7], noting that
F, is the Fourier transform of the sequence (c,®*) and F, that
of (™).

Conversely, if

kn 7 £ 2kn 7
f,=>Y cofed and f,=) co™ed,,

kel kel
then
1?1 = cha)k (Tk¢1) and 1?2 = chka (Tk¢2) .
kel kel
Hence
f,=) c T ¢ and f,=) c0™T*g,
kell kel
and so
fL®f,=>cT 4 ®¢ eV,
kell

Definitiion 1. A frame MRA (FMRA) {V, 4 ®4,| of

()@ L) is an increasing sequence of closed subspaces
V,c’(0)®L*(0) and an element ¢ ®¢, €V, for which the
following hold:

@ v, =20)e?(0) and (V,={0©,0)},
j j
@ fof,eV,oUfdf, eV, Vjel,
@ fef,eV,oTifef, eV, Vkel,
4) {Té( ¢ Do, kel } is a frame for the subspace V.

Proposition 6. Let {Vj, ¢1(-B¢2} be an FMRA. If

frame bounds.
Proof

{Tck(/ﬁl D¢,k eD} is a frame for V, implies that there exist A
and B (both greater than zero) such that for all f,® f, eV,,

A||fl®f2||zsg|<fl®f2,T§¢1®¢z>|2 <B|f, @,

Also, for jell,
{Teg @4, kel |V, = {UlTlg @4, kel |cV,.
Also,
(UC")*:UC’J' for jell .
Hence for f, @ f, eV,

;K L f, Ui ®4,) :kZ|<Ugif1® LTGes). )
Since U'f, @ f, eV, and {T§¢1®¢2:keD}iS a frame for V,,
we have

Aot et < kZKUgJ Lo, T 04)

But,

<Bluf@f .

jut et =|Let.
Hence, using (1), we obtain

. 2
Alf,@f,| < sz L@ 1, Ul @0,) <B|fef.
el

Thus {chTck¢1 ®¢, kel } is a frame for V; with the same
frame bounds of the frame {Tck¢§1 D¢, kel } of V,.
Proposition 7.  Suppose {Vj, 4D ¢2} be an FMRA of

L’(0)@®L*(). Then there are 27 -periodic functions H; and
H; belong to L*(T) such that

#(2)=Hif,
and
#(2) =H,.
Also
1|2 . 1. 2 .
@, :|Ho(3)| CI)2(3)‘*'|Ho(3+7z')| @, (3 +7)
and
ne- 2 . ne. 2 .
D, =|H;3)| ®,(;) +|H{G+7)| ,(5+7).
Proof V, is closed and invariant under translations. So

V,cV, if and only if ¢ ®g,eV,. As {UTi4 @4, kel isa
frame for V,, we have

hDP = kZ]:CkUcTck% D g,
Taking the Fourier trarisforms on both sides, we obtain

4= cU (0™ y,)",

kell

and
k . .
{TC ¢ Do, kel } is a frame for V,, then the system 4 - S U@ T ),
{UéTCk¢l(-D¢2 k ED} is a frame for Vj with the same implies «
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$(2)) =Hg,
and

$,(2) = H,

where Hj L co’e, and H{ _ L c.w'e, both be-
0 \/E k k \/E
kell kel

long to L*(T).
Now we periodize the square modulus of
¢1() = H(;¢2 (3) :
- 2 i~
2] =3l (5)
kel

SGIa

2

)

kel

b5+ zﬂk)r

+|H(’)(?+7r)|2§

¢;2 (?+ T+ 27rk)‘2

That is,
R\G . 1. 2 .
@, =|Hi )| ©,() +|Ho G+ 7)| @, +7) .
Similarly, we obtain
n(. 2 . "y . 2 .
cI)2:|H0(7)| ®1(E)+|H0(E+”)| @, (5 +7)-

4 CONCLUSION

In this paper the concept of Bessel map has been used to de-
fine Frame MRA and for the discussion of frame generated by
translation of a function in a closed subspace of the super-
space. The study of these concepts are important in the con-
struction of FMRA in the superspaces.
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